A Heron triangle is a triangle with integral sides and integral area. The circumradius and circumdiameter of a triangle are respectively the radius and the diameter of its circumcircle. In this article we will give a necessary and sufficient condition for a positive integer to be the circumradius or the circumdiameter of some Heron triangle. It is stated in the following theorem:
Theorem 1. Let k be a positive integer. Then the following are equivalent:
(1) There is a Heron triangle with circumradius k. To prove the implication (3) ⇒ (1) of Theorem 1, papers [1] and [2] take any positive integer k with a prime divisor p as in (3) . Both first show that there is a triangle with circumradius p that is Pythagorean, i.e., right-angled and with integral sides. After scaling by a factor k/ p they obtain a Pythagorean triangle with circumradius k. It is easy to show that every Pythagorean triangle has integral area and is thus a Heron triangle. The new implication (1) ⇒ (3) of Theorem 1 tells us that among all Heron triangles there are no more integral circumradii than among just the Pythagorean triangles. The construction above only yields a triangle with relatively prime sides if the integer k is prime. This leaves a rather unsatisfactory feeling, which is resolved by the following theorem. It gives necessary and sufficient conditions for an integer to be the circumdiameter of some Heron triangle with sides that are relatively prime to each other. Theorem 1 will follow as a consequence. All we will use is some elementary number theory and two formulas. Heron's formula
relates the area A of a triangle to the lengths a, b, and c of its sides. The circumdiameter d is related to these quantities through the equation
Remark. In Lemma 3 we will deduce from Heron's formula (1) that any triangle with integral sides and rational area is a Heron triangle. Together with (2) this proves the implication (4) ⇒ (3) of Theorem 2. The fact that (2) implies (1) (1), and therefore also those of (2).
The following lemmas will be useful in proving Theorem 1 and Theorem 2.
Lemma 3. Any triangle with integral sides and rational area is a Heron triangle.
Proof. The quantity in (1) is both an integer and the square of a rational number. Hence, it is the square of the integer 4 A. Equation (1) can be rewritten as
Since −1 is not a square modulo 4, the quantity a 2 − b 2 − c 2 is even. Therefore, as the parity of any integer, its negative, or its square are all the same, the four factors in the right-hand side of (1) are even as well, and the quantity in (1) is divisible by 16. It follows that A 2 , and thus A, is integral.
Note that it follows from the proof of Lemma 3 that the perimeter of any Heron triangle is even.
For any prime p and any integer x, let v p (x) denote the valuation of x at p, i.e., the largest integer m for which p m divides x. Then v p extends uniquely to a group homomorphism from the group Q * of nonzero rational numbers to the group Z of integers.
Lemma 4. Let p be a prime satisfying p ≡ 1 mod 4. Let s, t, and m be integers with m ≥ 0. Then p 2m divides s 2 + t 2 if and only if p m divides both s and t.
Proof. The "if"-part is obvious. For the "only if"-part, let n be the largest integer for which p n divides both s and t. It suffices to show m ≤ n. By symmetry we may assume p n+1 s. Set s = sp −n and t = t p −n . Then we have s , t ∈ Z and p s , so gcd(s , p 2 ) = 1. From the Euclidean algorithm we find integers x, y such that xs + yp 2 = 1, i.e., xs ≡ 1 mod p 2 . Now from p 2m |s 2 + t 2 we find p 2(m−n) |s 2 + t 2 . Suppose m > n. Then we conclude m − n > 0, so p 2 |s 2 + t 2 , and we find t 2 ≡ −s 2 mod p 2 . Therefore we have (xt ) 2 ≡ −(xs ) 2 ≡ −1 mod p 2 . This contradicts the fact that −1 is neither a square modulo 4, nor modulo primes q satisfying q ≡ 3 mod 4. We conclude m ≤ n, which is what we wanted.
We are now ready to prove our theorems.
Proof of Theorem 2. Reduction modulo 4 shows that at least one of the sides of a Pythagorean triangle other than the hypotenuse is even. Therefore, every Pythagorean triangle has integral area, which proves implication ( 
